Recently it was found that quantum gravity theories may involve constructing a quantum theory on non-Cauchy hypersurfaces. However this is problematic since the ordinary Poisson brackets are not causal in this case. We suggest a method to identify classical brackets that are causal on 2+1 non-Cauchy hypersurfaces and use it in order to show that the evolution of scalars and vectors fields in the 3rd spatial direction can be constructed by using a Hamilton-like procedure. Finally, we discuss the relevance of this result to quantum gravity.
Introduction
The correct way in order to obtain a gravitational theory from microscopic objects or quantum fields is not known but it is expected that it should be related to surfaces. The main examples are the holographic principle [1] , first proposed by 't Hooft [2] , which states that in quantum gravity the description of a volume of space can be encoded on a lower-dimensional boundary to the region, and the AdS/CFT [3] correspondence, which uses a non-perturbative formulation of string theory to obtain a realization of the holographic principle. As far as we know, in all these descriptions the holographic screen is a light-like surface.
However, recently it seems that non-Cauchy hypersurfaces can also be related to quantum gravity theories. Non-Cauchy hypersurface foliation was first used in the membrane paradigm [4] which models a black hole as a thin, classically radiating membrane, vanishingly close to the black hole's event horizon. This non-Cauchy hypersurface is useful for visualizing and calculating the effects predicted by quantum mechanics for the exterior physics of black holes.
The second example that a non-Cauchy hypersurface is useful for aspects of quantum gravity involves the surface density of space time degrees of freedom (DoF). These are expected to be observed by an accelerating observer in curved spacetime, i.e. whenever an external non-gravitational force field is introduced [5] . This DoF surface density was first derived by Padmanabhan for a static spacetime using thermodynamic considerations. We found that this DoF surface density can also be constructed from specific canonical conjugate pairs as long as they are derived in a unique way [6] . These canonical conjugate pairs must be obtained by foliating spacetime with respect to the direction of the external non-gravitational force field. Note that this aspect reinforces the importance of singling out a very unique spatial direction: the direction of a non-gravitational force.
The third example which suggests that a non-Cauchy hypersurface is useful for aspects of quantum gravity involves string theory excitation. It was found that some specific kind of singularities are obtained by string theory excitations of a D1D5 black hole [7, 8, 9, 10] . We found [11] that these singularities can also be explained using the uncertainty principle between canonical conjugate pairs which are obtained by singling out the radial direction. The radial direction can be regarded as the direction of a nongravitational force that causes observers to "stand steel" in these coordinate frame. Thus, these singularities, which according to string theory are expected in quantum gravity theories, are derived by the uncertainty principle only by singling out the non-gravitational force direction.
The fourth example involves "holographic quantization". The holographic quantization uses spatial foliation in order to quantize the gravitational fields for different backgrounds in Einstein theory. This is carried out by singling out one of the spatial directions in a flat background [13] , and also singling out the radial direction for a Schwarzschild metric [14] .
The fifth and final example involves the Wheeler-DeWitt metric probability wave equation. Recently, in [15] , foliation in the radial direction was used to obtain Wheeler-De Witt metric probability wave equation on the apparent horizon hypersurface of the Schwarzschild de Sitter black hole. By solving this equation, the authors found that a quantized Schwarzschild de
Sitter black hole has a nonzero value for the mass in its ground state. This property of quantum black holes leads to stable black hole remnants.
All these suggest that in order to find a quantum gravity theory, one needs to obtain a proper way of constructing a quantum theory using nonCauchy hypersurface foliations.
However, in general, one should expect problems when foliating with respect to hypersurfaces that are not Cauchy, since in this case the field evolution isn't usually causal. Even constructing a quantum theory with causal commutation relation on a non-Cauchy hypersurface is expected to be challenging, since the usual Poisson brackets do not lead to causal commutation relation on the non-Cauchy hypersurface and thus are not relevant in this case.
In this paper we propose a method to identify a set of causal canonical classical brackets on hypersurfaces that are not Cauchy. We use this method to derive the field equations for scalar fields and find that the expected field equations can be derived only if the scalar field is physical on the non-Cauchy hypersurface. This means that as long as a scalar field is physical on the hypersurface one can use non-Cauchy foliation to derive causal evolution.
Since this can easily be extended to any vector field, our proof is expected to be relevant even for the gravitational field in Minkowski spacetime. Thus, when using spatial foliation, a causal evolution can be constructed for the gravitational field, as long as the gravitational field is physical on the sur-face. However, according to our method, in order to be able to use the spatial foliation we need to obtain the classical brackets from the quantum commutation relation on the non-Cauchy hypersurface. This is problematic since we do not have a proper quantum gravitational theory. In this paper we suggest a method in order overcome this problem, and derive a possible renormalized quantum gravity theory. This paper is organized as follows: First we present the problem of using the Poisson brackets on a non-Cauchy hypersurface. Next we suggest a method for identifying causal classical brackets between the fields on the hypersurface. Then we use this method for free scalar field and find that the Klein-Gordon equation can be derived by a Hamiltonian-like formalism.
Finally, we extend this to any vector field and discuss the relevance of this result to quantum gravity theories.
Presenting the problem and the suggested solution In this paper we want to repeat this process of quantization for a nonCauchy hypersurface which we define as a hypersurface with an equal spatial coordinate x 1 = const. The other coordinates on this hypersurface will be denoted byx = (x 0 , x 2 , x 3 ). In this case we propose that the quantization will be as follows: we will define a new canonically conjugate momentum to the field variable φ(x):
The new Hamiltonianlike density will be defined as H 1 = Π 1 (x)φ ′ −L . Next we will need to verify that the dynamical equations derived by Euler-Lagrange equations could be written in a Hamiltonian-like form as φ(x) ′ = {φ(x), H 1 } and Π 1 (x) ′ = {Π 1 (x), H 1 }, where H 1 =´d 3 xH. For this purpose we will need to assume equal x 1 bracket relations between the field variable φ(x) and the new canonical conjugate momentum Π 1 (x). However, if we will use equal x 1 canonical Poisson bracket relations in the same way as equal x 0 canonical Poisson bracket relations, namely:{φ(x), φ(y)} x 1 =y 1 = {Π 1 (x), Π 1 (y)} x 1 =y 1 = 0 and {φ(x), Π 1 (y)} x 1 =y 1 = δ 3 ( x− y), we will find non causal relations. Thus, equal spatial coordinate brackets can not be defined by the ordinary canonical Poisson brackets. In order to identify correctly the equal x 1 classical bracket relations between the field variable φ(x) and the new canonically conjugate momentum Π 1 (x), we will need to have an extension of the canonical Poisson brackets in such a way that it will be causally defined even when foliating spacetime with respect to non-Cauchy hypersurfaces.
We suggest a way for identifying the equal x 1 canonical classical brackets without using the extended Poisson brackets: It seems that for any theory that we are able to quantize using the ordinary equal time canonical Poisson brackets, we can easily obtain the quantum commutation relation for any equal spatial coordinate. This can be done by using the field equations and calculating the commutation relation [φ(x), φ(y)] for any two points x and y in space-time. This will enable us to calculate the equal spatial commutation
Thus from the calculated quantum commutation relations we deduce the classical equal spatial coordinate brackets between the fields.
Example: the free scalar field in (1+3)D
Spatial foliation and Hamilton-like equation
We begin with the Lagrangian density of a free scalar field in 1+3 dimension:
2 φ 2 , and a non-Cauchy equal hypersurface x 1 = const. Then we define
and the new Hamiltonian-like density becomes:
Then the new Hamiltonian-like equations are:
where H 1 =´d 3 yH 1 (ỹ,y 1 ).
Note that, since H 1 is y 1 independent 1 , we can choose y 1 = x 1 .
2. Finding the equal x 1 canonical classical brackets for a free scalar field In order to identity the equal x 1 classical bracket relations, we use the commutation relation [φ(x), φ(y)], derived by the ordinary quantization [17] , for any two points x and y in space-time:
1 This can easily be proven using the Hamilton formalism where we expect that for any
where
It is useful to write this commutation relation in a covariant way, using the Heaviside step function θ(x):
Next, using δ(
, we find that the same commutation relations equal also to:
, and
Note that the term θ P 2 x actually limits the possible values of k so that only physical modes are considered.
The fact that we are only considering physical modes is important in our derivation of the field equations. From (7) we see that the equal spatial coordinate (x 1 = y 1 ) commutation relations become:
Note that this commutation relations are indeed causal since they do not vanish for x and y which are causally connected.
Next we need to evaluate the equal spatial coordinate (x 1 = y 1 ) commutation relations between φ(x) and its new canonical conjugate momentum Π 1 (y). Varying eq. (7) with respect to y 1 and using: Π 1 (y) = − ∂φ(y) ∂y 1
gives:
and the equal spatial coordinate x 1 = y 1 commutation relations become:
Thus we got that for a free scalar field φ(x) and Π 1 (y) commutes on x 1 = y 1 and do not influence each other even when their coordinates are causally connected.
Finally, we evaluate the equal spatial coordinate (x 1 = y 1 ) commutation relations between the two canonical conjugate momenta Π 1 (x) and Π 1 (y) .
Varying eq. (9) with respect to x 1 once again and using:
and thus the equal spatial coordinate (x 1 = y 1 ) commutation relations between the Π 1 fields are:
Now we may assume what the classical "Poisson-like" brackets for an equal spatial coordinate can be achieved just by multiplying the commutation relation we have got by −i. We have:
{φ(x), Π 1 (y)} x 1 =y 1 = 0. (3) and (4) when the classical brackets (13)- (15) are assumed.
. We start with (3), and use (2) and get
Using the vanishing equal x 1 bracket relation φ and Π 1 we have:
and after using the equal x 1 bracket relations (13) we get after integration by parts:
Varying (17) with respect to x 1 once again we get:
and using (17) for φ(y) ′ we find:
Since 2 ǫ 2 (±k 0 , P 2 x )= θ(P 2 x ) we finally have:
Now, Fourier transforming this equation with respect tok yields:
Thus, if we limit ourselves to physical fields i.e.:
we get:
which are the expected fields equation.
.
To conclude: we found that quantizing a scalar field by foliating spacetime with respect to a spacelike vector is possible.
. The same procedure can be used in order to find an equation for the Π 1 field. Using (4) and (2) we have:
With (15) we get:
which is the same equation which the field φ fulfills.
Thus we got two Hamilton-like independent field equations for the fields φ and Π 1 . This result can easily extended for any vector fields. 
Implication to quantum gravity theories
In order to find the way to a renormalized quantum gravity, we need to derive the true degrees of freedom of quantum gravity. Various reductions of the quantum gravity degrees of freedom were reported in the past in [18, 19, 20, 21] . All these works employed the usual (3+1)D splitting with the genuine time coordinate separated out. However, in light of the holographic picture, it is worthwhile considering the possible advantages of a non-Cauchy surface foliation on quantum gravity theories and its expected benefit to the renormalization problem of these theories. Park [13] separates the spatial directions. His strategy for reduction has been the removal of all of the nonphysical degrees of freedom from the external states. His key observation for the reduction was the fact that the residual 3D gauge symmetry -whose detailed analysis is given in [22] -can be employed to gauge away the nondynamical fields. However, this kind of reduction is not always possible. We suggest that, whenever it is possible to obtain a renormalized (2+1)D quantum gravitational theory only on a specific non-Cauchy hypersurface, we may use this non-Cauchy spatial foliation in order to obtain a (3 + 1)D quantum gravitational theory. In order to examine this option we will first find the conditions in order to obtain a renormalized (2 + 1)D quantum gravitational theory only on a specific non-Cauchy hypersurface. Next we will suggest a way to construct a causal (3 + 1)D quantum gravitational theory. Finally, we will discus the implication of this procedure on the expected properties of quantum gravity theories and on the renormalization possibility of a (3 + 1)D quantum gravity theory.
Lets start by considering the standard foliation of spacetime with respect to some spacelike hypersurfaces whose directions are n a . The lapse function M and shift vector W a satisfy r a = M n a + W a where r a ∇ a r = 1 and r is constant on Σ r . The Σ r hyper-surfaces metric h ab is given by g ab = h ab + n a n b . The extrinsic curvature tensor of the hyper-surfaces is given by
T g ab one finds [25] :
Where D a represent the 2+1 covariant derivatives,
Lets assume that on some unique hypersurface r = r 0 :
The intrinsic curvature R
ab is then given by the 2+1 Christoffel symbols:
then we have:
which is just the Einstein equation in 2+1 dimension, when P serves as a cosmological constant. From the quantum gravity point of view, this unique hypersurface is interesting. To see this note that though we don't know how to obtain a renormalized quantum gravity theory in 3+1 dimensions, a renormalized quantum theory in 2+1 dimensions is possible [16] . Thus, when the (3 + 1)D Einstein equations reduce to a kind of 2+1 Einstein equations on some hypersurface r = r 0 , we can quantize the gravitational fields on the hypersurface r = r 0 at least with respect to this foliation.
Now, as we have got this(2+1)D Einstein equation on this spacelike non-
Cauchy hypersurface, lets assume we have found a (2 + 1)D renormalized quantum gravitational theory on the hypersurface r = r 0 . As we noted before, having the quantum theory on the non-Cauchy hypersurface means one can find also a set of causal commutation relation on this hypersurface.
But, as we showed in the last section by an example, knowing the causal commutation relation on a non-Cauchy hypersurface automatically enables us to know how the quantum gravity fields will evolve through the remaining spatial direction r = r 0 , with the aid of the new Hamiltonian-like equations we mentioned. Thus, using a sort of Hamilton-like ADM equation may serve as a way of finding the evolution of the gravitational quantum fields in the third spatial direction and thus of producing, at least in principle, a(3 + 1)D renormalized quantum gravity theory.
Note that this procedure is related to holography. To see this note that in this formalism, the evolution on the gravitational fields in the 4 − th dimension is determined by the "initial" condition on the non-Cauchy hypersurface r = r 0 . Thus in this formalism all the information needed to describe the evolution of the gravitational field in the 4 − th dimension in encoded on this hyper-surface, as suggested by holography.
Summary
In this paper we argued that deriving a proper quantum gravity theory may involve quantization on a non-Cauchy hypersurface. We showed that since in this kind of hypersurfaces the ordinary Poisson brackets are not causal, constructing a quantum theory on a non-Cauchy hypersurface is expected to be problematic. We suggested a method to identify classical brackets that are causal even on a non-Cauchy hypersurface. We used this method to identify the (causal) brackets between free relativistic scalar fields and their (new) canonical conjugate momentum on a non-Cauchy hypersurface.
Next we proposed a sort of classical Hamilton-like equations for the evolution along the direction perpendicular to the non-Cauchy hypersurface. We found that, as long as the field on the non-Cauchy hypersurface is physical, these equations leads to the expected free Klein-Gordon equation. This lead us to suggest that a quantum gravity theory with causal commutation relations may be constructed using non-Cauchy hypersurface foliation.
Next we considered the possible advantages of such unique foliation on expected theories of quantum gravity. We considered a foliation of spacetime with respect to spacelike hypersurfaces whose directions are n a , and the conditions for the (3+ 1)D Einstein equations to reduce to a kind of (2+ 1)D
Einstein equations on a hypersurface r = r 0 . Then, by using the argument that a renormalized quantum gravity theory can be constructed in (2 + 1)D, we discussed the procedure needed in order to derive the renormalized gravitational fields causal evolution in the 3rd spatial direction. However, whether this suggested procedure is expected to leads to a renormalized quantum gravity theory on r = r 0 remains to be seen.
